


















Application of the relativistic coupled-cluster theory to boron-like
ions of astrophysical interest
H. S. Nataraja1, B. K. Sahoob, B. P. Dasa, R. K. Chaudhuria, and D. Mukherjeec
ABSTRACT
By employing an all order relativistic many-body theory called the relativistic
coupled-cluster theory we have calculated the weighted oscillator strengths and
the transition probabilities for a few low-lying transitions of boron-like ions: Mg
VIII, Si X and S XII which are astrophysically important, particularly, in the
atmospheres of the solar corona. The physical effects associated with these tran-
sitions are discussed. Our results are compared with the available experimental
and theoretical data.
Subject headings: atomic data - methods: analytical - Sun: X-rays
1. Introduction
With tremendous advancements in the field of observational astronomy like the de-
ployment of satellite probes for data acquisition, there is a considerable interest for ac-
curate calculations of the oscillator strengths and the transition probabilities for highly
stripped ions which are very important in astrophysics, mainly in the identification of spec-
tral lines (Fawcett 1975; Fawcett & Hayes 1987). In this paper, we have studied various
electro-magnetic transitions from the low-lying single valence excited states, 2s2 2p3/2 (
2P3/2),




2D5/2) to the ground state for the highly ion-
ized boron-like ions: Mg7+, Si9+ and S11+ which are abundant in the solar atmosphere
(Jordan 1969). Most of the lines corresponding to these transitions lie in the soft X-ray wave-
band and have the potential to probe the chromosphere-corona transition region and possibly
the coronal hole regions of the solar atmosphere (Jordan 1969; Flower & Nussbaumer 1975a;
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1975b), where the temperatures would be of the order of a million kelvin. The relative line
intensity ratios in Mg VIII and Si X line emission spectrum have been found to be density
sensitive by Dwivedi & Raju (1980). The EUV line intensity ratios of these ions have been
studied by Bhatia & Thomas (1998) to infer the electron density in different solar features
such as active region, quiet sun and off-limb. Thus lines emitted from boron-like ions can be
used as a powerful tool in the diagnostics of the electron density (Vernazza & Mason 1978)
and the temperature in the solar atmosphere. Audard et al. (2001) have observed the soft
X-ray coronal emission lines of S XII in the stellar binary Capella which is one of the nearby
Sun-like star using the high resolution RGS XMM-Newton satellite. Interestingly, some
infrared emission lines of these ions have been observed (Rudy et al. 2006) recently using
SpeX on NASA’s Infrared Telescope Facility on Mouna Kea, in the coronal regions of RS
Ophiuchi, a recurrent nova.
There are a few calculations of certain transition probabilities of boron-like ions available
in the literature (Shamey 1971); some of them are completely non-relativistic and based on
the multi-configuration Hartree-Fock (MCHF) method (Garstang 1962; Dankwort & Treftz 1976);
some others are based on multi-configuration Hartree-Fock calculations with Breit-Pauli
corrections (MCHF+BP) (Dankwort 1978; Fischer 1983; Tachiev & Fisher 2000) and there
are a few calculations based on the relativistic many-body perturbation theory (MBPT)
(Safronova et al. 1999). Often the theoretical calculations are scaled to match the observed
transition energies (Elwert & Raju 1975; Tachiev & Fisher 2000). Given the increasing need
for the accurate spectroscopic data in astrophysics, it is necessary to use state-of-art methods
like the relativistic coupled-cluster (RCC) theory to calculate the principal atomic quantities
of astrophysical interest such as the energy levels, the oscillator strengths, the transition prob-
abilities, etc. The RCC theory is equivalent to all order MBPT (Lindgren & Morrison 1985).
Therefore, it is more accurate than the finite order MBPT. The relativistic effects are in-
corporated rigorously in RCC approach, while in MCHF+BP approach they are consid-
ered in an approximate manner. It has some distinct advantages over the MCHF method
(Majumder et al. 2004).
In section 2, we have given the working formulas for the transition probabilities and the
oscillator strengths and briefly discussed the coupled-cluster method employed in calculating
these quantities. In section 3, we have presented the results and compared them with those
available in the literature and the conclusions are drawn in the following section.
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2. Theory and method of calculation
The spontaneous transition probabilities due to E1, E2, M1, and M2 operators from a
































respectively, where, the numerical factor applies for the wavelength λ in cm and the transition
line strength S, defined as the absolute square of the transition matrix element, in atomic
units of e2a20 where, e is the electric charge and a0 is the Bohr radius.
S(Jf ; Ji) = | 〈Jf ||O||Ji〉 |
2 (5)
where, 〈Jf ||O||Ji〉 is the reduced matrix element for the appropriate multipole operator O.
The oscillator strength and the corresponding transition probability for a transition of
any multipole type are related by the general formula,





where, gf and gi are the degeneracies associated with the final and initial states respectively,
λ is the wavelength in cm and A(Jf ;Ji) is the transition probability in s
−1.
Generally, in the astrophysical literature, one uses the weighted oscillator strength which
is the product of the degeneracy of the initial state and the oscillator strength and is sym-
metric with respect to initial and final states. i.e,
gf = (2Ji + 1)fif = −(2Jf + 1)ffi. (7)
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As it can be inferred from the above equations, there is a great need for precise values of
the transition wavelengths and the transition line strengths for the accurate determination of
the oscillator strengths and the transition probabilities. This demands for a highly potential
many-body method which would include fully relativistic effects and the electron correlation
effects that are sufficiently large especially in many-electron systems. So we employ the rela-
tivistic coupled-cluster theory, which is briefly discussed below, to calculate these quantities
of interest.
As a starting point, we obtain the closed-shell configuration wave function (|Φ0〉), which
is 1s2 2s2 in the present work, by solving the Dirac-Hartree-Fock (DF) equations for N-1
electrons, N being the total number of electrons in the system including the valence electron
(v) for the Dirac-Coulomb Hamiltonian which is given by,
H = Σicαi · ~pi + (βi − 1)c
2 + Vnuc + Σi<j(e
2/rij) (8)
where, c is the speed of light in vacuum, α and β are the Dirac matrices, Vnuc is the nuclear
potential and the last term correspond to the Coulomb interaction between two electrons.
In the framework of the RCC theory, we construct the exact wave function (|Ψ0〉) for
the closed-shell configuration (Lindgren & Morrison 1985) as,
|Ψ0〉 = e
T |Φ0〉 (9)
where, T is the excitation operator for the core orbitals. It is the sum of all single, double,
triple, and higher order excitations of occupied electrons. For a single valence open-shell
atomic system, which is of our interest, we append the valence electron (v) orbital to the DF





the creation operator for the valence electron. The exact wave function for the corresponding
valence electron can be expressed as,
|Ψv〉 = e
T{eSv}|Φv〉 (10)
where, Sv corresponds to the excitation operator for the valence and valence-core orbitals.
Since the system considered in this paper has only a single valence electron, the non-linear
terms in Sv will not exist and the above wave function reduces to (Mukherjee & Pal 1989),
|Ψv〉 = e
T{1 + Sv}|Φv〉. (11)
It is impractical to consider all the correlated excitations. The contributions from the
higher order excitations are not expected to be very significant, hence we have limited our
calculations only to linear and non-linear single and double excitations, known as CCSD
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method. In our earlier works, we have given the details of the working equations to determine
both the T and Sv amplitudes and the ionization potential (IP) for the corresponding valence
electron v (Mukherjee & Pal 1989). We have considered the leading triple excitations using
CCSD(T) approximation (Kaldor 1987) to improve the accuracy of the results.





〈Φf |{1 + S
†
f}O{1 + Si}|Φi〉√
〈Φf |{1 + S
†
f}e
T †eT{1 + Sf}|Φf〉〈Φi|{1 + S
†
i }e
T †eT{1 + Si}|Φi〉
(12)
where, O = eT
†
OeT .
We have discussed the procedure to calculate the above expression in our earlier work
(Sahoo et al. 2006). The normalization factors can be obtained using the following relation,




where, Nv = {S
†
ve
T †eTSv} for the valence electron v(= i, f).
The single particle reduced matrix elements for the E1, E2, M1, and M2 transition
operators are given respectively by,

















































where, j′s and κ′s are the total orbital angular momentum and the relativistic angular
momentum quantum numbers respectively. The radial functions, Pi(r) and Qi(r) are the
large and small components of the i-th single particle Dirac orbital respectively. The Racah
















π(l, k, l′), (19)
and
π(l1, l2, l3) =


1 for l1 + l2 + l3 = even
0 otherwise.
(20)
In the above expression, we define k = wα, where w = ǫi − ǫj is the excitation energy
at the single particle level, α is the fine structure constant, l is the orbital quantum number
and jn(kr) is a spherical Bessel function of order n. When kr is sufficiently small, one can





3. Results and discussion
The wavelengths corresponding to the transitions from 2s23d5/2, 2s
23d3/2, 2s
23p1/2 and
2s23s1/2 to the ground state for all the boron-like ions we have considered lie in the soft-X
ray region and the line from 2s22p3/2 to the ground state for S XII lies in the visible region,
whereas, for Mg VIII and Si X this lies in the infrared region of the electromagnetic spectrum.
In Table 1, we have reported the computed excitation energies for the these low-lying excited
states of boron-like ions; Mg VIII, Si X, S XII and compared our results with the available
NIST data. The ratio of the difference between the two and the NIST value is given in per
cent in the last column. Our results in general agree very well with the measured NIST
energies except for 2s22p3/2 levels where the difference is slightly more because of higher
order relativistic effects.
In Table 2, we have listed the weighted oscillator strengths and the transition proba-
bilities of a few allowed electric dipole transitions of boron-like ions obtained from the RCC
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Table 1: Comparison of computed excitation energies and the tabulated NIST data.
Atomic System Upper State Excitation Energy (in cm−1)
This Work NIST value Diff. (%)
Mg VIII 2s23d5/2 1339798 1336030 -0.28
2s23d3/2 1339584 1335860 -0.27
2s23p3/2 1276642 − −
2s23p1/2 1275753 − −
2s23s1/2 1210608 1210690 0.007
2s22p3/2 3433.33 3302 -3.98
Si X 2s23d5/2 1984577 1979730 -0.24
2s23d3/2 1984086 1979260 -0.24
2s23p3/2 1905952 − −
2s23p1/2 1904047 − −
2s23s1/2 1821808 1822000
a 0.01
2s22p3/2 7216.11 6990.6 -3.23
S XII 2s23d5/2 2753686 2748100 -0.20
2s23d3/2 2752714 2747400 -0.19
2s23p3/2 2659966 − −
2s23p1/2 2656319 − −
2s23s1/2 2559004 − −
2s22p3/2 13465.9 13135.3 -2.52
aObserved energy by Hoory et. al (1971)
calculations and compared these quantities with the fully ab initio MCHF+BP calculations
of Tachiev & Fischer (2000), where they have used the computed values of energy scaled to
match the observed transition energies. The transition probabilities depend crucially on the
line strengths and the transition wavelengths. Here, we have used the unscaled computed
wavelengths in calculating the transition probabilities and our results are more accurate and
reliable than those obtained using MCHF+BP approach.
In order to understand the correlation effects, we have given explicitly the individ-





fOSi|Φi〉 which are obtained on expanding equation (12), to the electric dipole tran-
sition amplitude in Tables 3 and 4, for the 2s2 3s → 2s2 2p1/2 and 2s
2 3d3/2 → 2s
2 2p1/2
transitions, respectively. The normalised total value and the Dirac-Fock value of the tran-
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sition amplitude i.e., the term in the absence of any correlations, are also given. All these
values are given in atomic units i.e, when e2a20 = 1. The core correlation effects for the
electric dipole transition amplitudes are small compared to the Dirac-Fock value and they
are negative, thereby reducing the contribution of Dirac-Fock value in both the cases. The
transition probabilities for 2s2 3d3/2 → 2s
2 2p1/2 are larger than that of 2s
2 3s → 2s2 2p1/2
transitions as the overlap of radial wave functions of the former two states is larger than
that of the latter two states. And as expected, the contribution from the term 〈Φf |O|Φi〉 is
large compared to the other three terms as it contains the DF term and a few core correlated
terms, where as, 〈Φf |S
†
fOSi|Φi〉 is smaller than the rest as it contains two orders in the Sv
amplitude. The contribution from 〈Φf |OSi|Φi〉 is larger compared to 〈Φf |S
†
fO|Φi〉 in case of
2s2 3s, where as, it is the other way round in case of 2s2 3d3/2. For any given transition, the
trends for all the three ions are the same.
We have given in Tables 3 & 4, the contributions from the individual terms of only
the allowed electric dipole transition amplitudes which are relatively large, unlike in the
forbidden case, where the transition amplitudes are generally small. However, in Table 5, we
have given the DF value and the normalised total value of the transition amplitudes of the
selected forbidden transitions of few boron-like ions, in atomic units. The difference between
the total and the DF value gives the contribution of electron correlation effects, shown in
the last column, which appear to be non-negligible atleast in some cases.
The computed transition probabilities for a selected forbidden transitions of boron-like
ions are given in Table 6. The oscillator strengths are not generally used for forbidden
transitions. However, one can obtain the same using the general formula given in equa-
tion (6). As the differences of our computed wavelengths and the observed ones for the
2s2 2p3/2 states are slightly large, we have used the observed wavelengths for calculating
the 2s2 2p3/2 → 2s
2 2p1/2 transition probabilities and in all other cases we have used the
computed wavelengths. Our results are compared with the calculated results of Tachiev &
Fischer (2000). We have reported the transition probabilities of many forbidden transitions
from the low-lying excited states to the ground state in a few boron-like ions, for the first
time to the best of our knowledge.
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Table 2: Weighted oscillator strengths & transition probabilities for allowed E1 transitions.
Atomic Upper Weighted Oscillator Transition Probability
System State Strength (in s−1)
[1] [2] [1] [2]
Mg VIII 2s23s1/2 0.051 0.052 2.510E+10 2.550E+10
2s23d3/2 1.188 1.205 3.555E+11 3.589E+11
Si X 2s23s1/2 0.048 0.049 5.273E+10 5.407E+10
2s23d3/2 1.230 1.247 8.075E+11 8.149E+11
S XII 2s23s1/2 0.045 − 9.872E+10 −
2s23d3/2 1.260 − 1.593E+12 −
[1] the present work
[2] Tachiev & Fischer’s result, http://www.vuse.vanderbilt.edu/∼cff/mchf collection/
4. Conclusion
We have calculated the weighted oscillator strengths for a few electric dipole transitions
and the transition probabilities for many low-lying excited states of boron-like ions, Mg
VIII, Si X, and S XII which are abundant in the solar atmosphere using the relativistic
coupled-cluster theory. It is shown that, the contributions of electron correlation effects
to the transition amplitudes are non-negligible in some transitions. Our results in general
are in good agreement with the calculated values available in the literature and thereby
demonstrating the power of this theory to generate accurate and reliable atomic data for
astrophysics. We are reporting for the first time, to the best of our knowledge, the transition
probabilities of many forbidden transitions which, in general, have assumed considerable
importance in recent times, due to the advancement in high resolution spectroscopy, in
the context of astrophysical observations especially, in the regions of extremely low density
plasma such as those present in the coronal atmospheres of Sun, a few Sun-like stars such as
Capella, novae such as RS Ophiuchi etc. In this context, our results may be helpful in the
identification of the spectral lines from such atmospheres.
One of the authors, HSN would thank G. Pandey, S. Ramya and B. Mathew of Indian
Institute of Astrophysics and A. K. Srivastava of Banaras Hindu University for their fruitful
discussions on this topic.
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Table 3: Contribution from the individual terms for E1 transition amplitude of 2s2 3s →
2s2 2p1/2 transition.
RCC term Transition Amplitude (in a.u)
Mg VIII Si X S XII
O 0.12811746 0.09829767 0.07938442
OSi −0.00651895 −0.00428910 −0.00304111
S†fO −0.00538504 −0.00260358 −0.00110041
S†fOSi 0.00189776 0.00126824 0.00091214
Norm 0.00006144 0.00010418 0.00010143
Total 0.11817268 0.09277740 0.07625646
DF 0.12850707 0.09879608 0.07991382
Table 4: Contribution from the individual terms for E1 transition amplitude of 2s2 3d3/2 →
2s2 2p1/2 transition.
RCC term Transition Amplitude (in a.u)
Mg VIII Si X S XII
O −0.52115120 −0.43638362 −0.37513191
OSi 0.01737733 0.01239182 0.00928598
S†fO −0.03036498 −0.02321747 −0.01879315
S†fOSi −0.00365992 −0.00224414 −0.00151430
Norm -0.00254281 -0.00233533 -0.00208811
Total −0.54034160 −0.45178875 −0.38824151
DF −0.53180907 −0.44528919 −0.38273362
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Table 5: Computed transition amplitudes for a selected forbidden transitions.
Atomic Upper Multipole Transition Amplitude (in a.u.)
System State Total value DF value Diff.
Mg VIII 2s23d5/2 M2 1.32988369 1.34485050 -0.01496681
2s23d3/2 M2 -0.40061301 -0.41165934 0.01104633
2s23p3/2 E2 -0.26722606 -0.25391165 -0.01331441
2s23p3/2 M1 -0.00286155 0.00123658 -0.00409813
2s23p1/2 M1 0.00057566 0.00026227 0.00031339
2s22p3/2 E2 -0.26959861 -0.29646176 0.02686315
2s22p3/2 M1 -1.12398736 -1.15432158 0.03033422
Si X 2s23d5/2 M2 1.12829408 1.12585008 0.00244400
2s23d3/2 M2 -0.33366807 -0.33787501 0.00420694
2s23p3/2 E2 -0.17927111 -0.17057607 -0.00869504
2s23p3/2 M1 -0.00148625 0.00173598 -0.00322223
2s23p1/2 M1 0.00059078 0.00038045 0.00021033
2s22p3/2 E2 -0.18439568 -0.20143580 0.01704012
2s22p3/2 M1 -1.12575284 -1.15414832 0.02839548
S XII 2s23d5/2 M2 0.97867098 0.96748639 0.01118459
2s23d3/2 M2 -0.28553933 -0.29603690 0.01049757
2s23p3/2 E2 -0.12975595 -0.12355224 -0.00620371
2s23p3/2 M1 -0.00032899 0.00232962 -0.00265861
2s23p1/2 M1 0.00065829 0.00052403 0.00013426
2s22p3/2 E2 -0.13401112 -0.14557703 0.01156591
2s22p3/2 M1 -1.12708743 -1.15394222 0.02685479
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Table 6: Computed transition probabilities for a selected forbidden transitions.
Atomic Upper State Multipole Transition Probability
System (in s−1)
[1] [2]
Mg VIII 2s23d5/2 M2 1.8973E+3 −
2s23d3/2 M2 2.5805E+2 −
2s23p3/2 E2 6.7802E+6 −
2s23p3/2 M1 1.1489E+2 −
2s23p1/2 M1 9.2801E+0 −
2s22p3/2 E2 9.8507E-7 8.8804E-7
2s22p3/2 M1 3.0671E-1 3.2905E-1
Si X 2s23d5/2 M2 9.7387E+3 −
2s23d3/2 M2 1.2760E+3 −
2s23p3/2 E2 2.2632E+7 −
2s23p3/2 M1 1.0313E+2 −
2s23p1/2 M1 3.2493E+1 −
2s22p3/2 E2 1.8627E-5 1.7837E-5
2s22p3/2 M1 2.9195E+0 3.1475E+0
S XII 2s23d5/2 M2 3.7685E+4 −
2s23d3/2 M2 4.8034E+3 −
2s23p3/2 E2 6.2773E+7 −
2s23p3/2 M1 1.3737E+1 −
2s23p1/2 M1 1.0954E+2 −
2s22p3/2 E2 2.2264E-4 −
2s22p3/2 M1 1.9414E+1 −
[1] the present work
[2] Tachiev & Fischer’s result, http://www.vuse.vanderbilt.edu/∼cff/mchf collection/
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